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@ The scalar linear stochastic differential equation

dx(t) = ax(t)dt + > bx(t)dBi(t),t > to.
=1

@ The sample Lyapunov exponent is

1 1.
tli)rgo Zlog]m(t;to,xo)\ =a—3 ; b7, a.s.
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@ Li et al. (2016) proposed the sufficient conditions for the

exponentially instability to G-SDEs with the following form

dz(t) = f(t,z(t))dt + h(t,z(t))d(B)(t)
+o(t,xz(t))dB(t), t>0.

@ h—be viewed as mean-uncertainty perturbation
@ o— be viewed as volatility-uncertainty perturbation

@ A natural question is whether we can design a controller to

make the system be stable.
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Non linear expectations and related stochastic analysis

1. Non linear expectations: a general framework

o Let €y 1ip(R) denote the space of all local Lipschitz functions

@ : R™ — R, satisfying that
lp(z) —e(y)l < O+ |z|™ + [y[")|z —yl, =,y R,

for some C' > 0, m € N depending on ¢.

@ Let 2 =R and let H be a linear space of real functions s.t.

X1, X0, -, Xp € H= o(X1, X0, ,Xy) € H, Vo € Crrip(R).
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Non linear expectations and related stochastic analysis

1. Non linear expectations: a general framework

A non linear expectation [ is a functional H — R, for XY eH,

satisfying the following properties:
o Monotonicity : if X >, then E[X] > E[Y].
o Constant preservation : E[d] = ¢ for ¢ € R.
o Subadditivety : E[X + Y] < E[X] 4+ E[Y] or
E[X —Y] > E[X] — E[Y].

o Positive homogeneity : I@[)\X | = AE for A > 0.

Norm on # : || X|| := E|X|,X € H. (#,|| - |) is a normed space.
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Non linear expectations and related stochastic analysis

2. G-Normal distribution

Let 0< 0?2 <3% X € H,G(a) = 2(a*5? —a"0?),a € R.

G-case (Definition)

X ~ N(0,[02,52]) is characterized by u(t, z) = E[p(z + VX)),
for ¢ € Cj 1ip(R) which is the unique viscosity solution of

du — G(9%,u) =0, u(0,z) = p(z).

Classical case
If 02 =32 = a2, X ~ N(0,0?) is characterized by

~

u(t,z) = Elp(z + VtX)], for p € C) 1ip(R) which satisfies that

Oyu = —0282 u(t, ), u(0,z) = p(z).
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Non linear expectations and related stochastic analysis

3. G-Brownian motion under G-expectation

@ Let Q) denote the space of all R—valued continuous functions

with wy = 0, equipped with the distance

p(wh w?) =372 27" [(maxsep, lwi — wf]) A1].
@ Canonical process on € : Bi(w) = wy, t > 0.

@ Fort > 0, we set
Hy = {So(wsuwsw T ?wsn)’n > 1?
81,82, ,8n € [O,t],ﬂﬂ € Cl,Lz‘p(Rn)}-

Set -
M= Ha.
=1

Ren Yong Stabilization of SDEs driven by G-Brownian motion



Non linear expectations and related stochastic analysis

3. G-Brownian motion under G-expectation

The canonical process (B;);>p on (Q,’H,I/[*i) is called as a

G-Brownian motion if

(1) Initial value: By(w) = 0;

(2) Distribution : By, s — By is N(0, [5%s,02s]) distributed for
s,t > 0;

(3) Increment independent : for
n>20<t <.--<t,, By, — By, , isindependent of
(Bty, By, B, ).
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Non linear expectations and related stochastic analysis

3. G-Brownian motion under G-expectation

Let (B¢(w))t>0 be a process on (Q,7,E) such that

(1) Foreach 0 <t; <---<t,, By, — By, , is independent of
(Bt17Bt2’ U 7Btn)'

(2) By has the same distribution as Bys — By for s,t > 0;
(3) limgo E[|B:P]t~t = 0,

then B is a G-Brownian motion, for 52 = —JE[—B%],QZ = }E[B%]
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Non linear expectations and related stochastic analysis

4. |td's integral of G-Brownian motion

o LL(My) = {€ € H; : E|¢]? < o0}

° Léo([O,T]) of simple processes by
N-1
L0, 1) i= {m(w) = 3 &, (@), 13615 (@) €
j=1
ch(Htj),O =ty <t1 <:--- <ty = T}.
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Non linear expectations and related stochastic analysis

4. It6's integral of G-Brownian motion

Definition

N-1
For mi(w) = z &, (W), 15,1 € LE2([0,T]) , we define the 1t8's

integral by I = [y mdBy =Y &, (Bisont — Buyn) -

T N T 2 T _
° IE/ mdBy =0, E (/ UtdBt) < / E(m)?dt.
0 0 0

LZ([0,T7]) denotes the completion of Léo([O,T]) under the norm

1/2
1112, (jo,11) <f0 (e th) . Hence, the stochastic integral
can be extended to LZ([0,77).
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Non linear expectations and related stochastic analysis

4. It6's integral of G-Brownian motion

Quadratic Variation Process

The quadratic variation process of the G-Brownian motion B by

N-1 t
2
(B): = lim >~ (Bﬁy+1 - Bt;y) — B2 2/0 B,dBs.
j=1

v

Property

[(f vy

=1/ T(m>2d<B>t] 0 € I4(0,T)).
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5. Developments on Itd's calculus based on G-B.M. and G-SDE

@ Peng (2007a, 2007b) established the fundamental theory of
G-expectation, 1t stochastic calculus based on G-expectation.

@ Denis et al. (2011) gave the application on risk dynamics
based on G-B.M..

@ Gao (2009, 2010) proved the pathwise properties and
homeomorphic property with respect to the initial values and
established the large deviation principle for G-SDE.

@ Luo et al. (2014, 2016) established the relation between
G-SDE and ODE and studied a class of reflected G-SDEs

with nonlinear resistance.
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® Zhang et al. (2011, 2012) considered the exponential stability
for G-SDE and investigated the stochastic optimal control

problems under G-expectation.

@ Lin (2013) proved the existence and uniqueness for a class of
reflected G-SDEs.

o Lietal (2016) studied the solvability and stability for G-SDE

with Lyapunov-type conditions by localization methods.

@ Hu, Ji, Peng, Song et al. in series works discussed backward
SDE driven by G-B.M. and its applications in stochastic

recursive optimal control problem an so on.
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@ Ren et al. (2011, 2013, 2015, 2016a, 2016b, 2017a-2017d,
2018a-2018e)

0

stability for some classes of (impulsive) G-SDE (neural
networks)

the existence, uniqueness and stability for G-SDE with infinite
delay

the square-mean pseudo almost automorphic mild solutions for
stochastic evolution equations driven by G-Brownian motion
the multi-valued G-SDE and its related optimal control
stabilization of G-SDE and applications
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6-1. Stabilization of G-SDEs (feedback control)

We consider the following G-SDE

de(t) = f(t,z(t)dt + h(t, z(£))d(B) ()
Yot z(8)dB(t), t >0, (3.1)

@ the initial data 2(0) = 29 € R™, B(:) a one dimensional
G-Brownian motion, (B)(-) the quadratic variation process of
the G-BM B(+).

o f,h,o :RT xR®" - R" and f,h,o € MZ(0,T).
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@ Theorem 1 (Li et al. (2016)) For the system (3.1), whose
coefficients are deterministic functions and satisfy the
Lipschitz condition in z. If there exists a function
V(t,r) € CL2(RT x R™ RT) and three positive constants
c1, ¢ and ¢ such that

ale®)P <V(t,x(t) < calz@®)

and
LV (t,z(t)) > nlx(t)]9.

Then, the trivial solution of system (3.1) is gth

exponentially instable, that is,

E|z(t)|? > Clag|%e™.
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@ If the system (3.1) is unstable, we design a controller

u(t, z(t)) in the drift part so that the system becomes stable.

@ The controlled system is expressed as

dz(t) = [f(t,z(t)) + w(t,z(t))]dt + h(t, z(t))d(B)(t)
+o(t,z(t))dB(t), t > 0. (3.2)
@ For stability analysis, we assume that

xo =0, f(¢,0) = 0,u(t,0) = 0,h(t,0) = 0,0(t,0) = 0 for all
t > 0, then the system admits a trivial solution z(t) = 0.
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o Let CL2(R* x R™;R1) be the family of all nonnegative
functions U(t,z) on RT x R™, which once differentiable are
continuous in ¢ and twice differentiable in x.

o If U € CY2(R* x R*;R™), we define an operator LU as

follows
LU(t,z) := U(t,x) + Uy(t, x)[f(t, x) + u(t, x)]

+G ((Uy(t, ), 2h(t, z)) + (Upe(t,x)o(t,x),0(t,x))),

where Ut 2)
T
Ut(t, CC) = at s
_ (oU(t,x) OU(t,x) oU (t,x)
Ua(t,z) = Oxry =~ Oxy 7 Oz, ’

0?U(t,x)
Uxm(tax) - ( a.%'la%'] >n><n'
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@ Theorem 2 The system (3.2) is pth moment exponentially
stable (IE|z(t, z0)[P < M|xo|Pe™, ¢t > 0) if there exists a
positive constant A such that the function U (¢, z(t)) and
LU (t,z(t)) satisfy the following conditions.

(A1) There are two positive constants p; and ps such that
prlz®)[" < U x(t)) < pala(t)[”. (3.3)
(A2) There exists a positive constant A such that

LUt 2(t)) < —AU (¢, (1)) (3.4)
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6-2. An example

We discuss the following one-dimensional G-SDE,

da(t) = %x(t) cos tdt + (g + % arctan t) 2(H)A(B)(E)
++/7 + arctan tz(t)dB(t),t > 0, (3.5)

where B(t) is one dimensional G-Brownian motion and
B(t) ~ N(0,[%, 2]). Let U = |z|*>. We have

Us(t,z(t)f (£, 2(t)) = a(t)]? cost,

Uy (t, z(t)h(t, (1)) = 2|z(t)[? <g n %arctant) ,

Uss(t, 2(t)) 02 (t, 2(t)) = 2|z(t)|* (7 + arctant)
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(Up(t,z),2h(t,x)) + (Upe(t,x)o(t, z), 0(t, z)))

G(
= G (2|x|2(7r + arctan t) + 2|z|(7 + arctan t))
G (

4)z|* (7 + arctant))

v
Q
—~
[\
2
8

o
~—

I
N
8
o
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LU(t,z(t)) = 2x(t)f(t,x(t))+G((Uz(t,x),2h(t,:c)>
+(Usa(t, )0 (t, 2),0(t, 2)))

—|z(t)* + 2|z (t)[?

= Jz(t)*

v

From Theorem 1, the system (3.5) is not mean square

exponentially stable.
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Let us design a linear feedback controller u(t, z(t)) = kz(t),

where k is a constant. The controlled system has the form

da(t) = [%x(t)costnka(t)] dt

2 2
++/7 + arctan tz(t)dB(t),t > 0. (3.6)

N (z + L arctan t> 2(H)A(B)(?)
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Letting £ = —5, we have

LU(t,z(t))

Us(t,z)[f(t, 2(t)) + u(z(t))]
+G ((Ug(t, ), 2h(t,x)) + (Uy(t,x)o(t, z),0(t,)))

2(t) | 3(t) cost — 5a(t)

+G (2|z(t)|* (7 + arctant) + 2|z (t)|* (7 + arctant))
ja(t)|* = 10J2(t)* + G(6r[a(t)]*)

~9fe(t)]? + 5 - - Gla(r)

=3z (t).

From Theorem 2, the controlled system (3.6) is mean square

exponentially stable.
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6-3. Stabilization of G-SDEs (discrete-time state observation)

We consider the following G-SDE

de(t) = [f(t,z(t) + ult, 2(5,)))dt + h(t, z(£))d(B)(¢)
to(t,z(t)dB(t), t >0,

where §; = [t/7]T is the integer part of t/7, T is the discrete-time

observation gap.
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6-3. An example

We discuss the following one-dimensional G-SDE,

da(t) = x(t)sintdt + (2 + sint)z(t)d(B)(t)
+V3+ costa(t)dB(t), t>0, (3.7)
where B(t) is one dimension G-Brownian motion and
B(t) ~ N(0,[3,1)).
From Li et al. (2016), the system (3.7) is not mean square
exponentially stable.
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Let us design a discrete-time linear feedback controller

function with the form

dz(t) = [z(t)sint—Txz(0;)]dt + (2 + sint)z(t)d(B)(t)
+z(t)V3 + costdB(t), t >0, (3.8)

with 7 < 0.000785.
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Figure: Response without control

Time®

Figure: Response with control
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